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Abstract. The circuit ideal, /^^ , of a configuration A = {ai , . . . , a„} C Z** 

is the ideal generated by the binomials x"^^ — x*^ G k[xi,...,x„] as c = 
c+ — c~ £ Z" varies over the circuits of A. This ideal is contained in the toric 
ideal, of A which has numerous applications and is nontrivial to compute. 
Since circuits can bo computed using linear algebra and the two ideals often 
coincide, it is worthwhile to understand when equality occurs. 

In this paper we study /c_^ in relation to from various algebraic and 
combinatorial perspectives. We prove that the obstruction to equality of the 
ideals is the existence of certain polytopes. This result is based on a complete 
characterization of the standard pairs/associated primes of a monomial initial 
ideal of a-nd their differences from those for the corresponding toric initial 
ideal. Eisenbud and Sturmfels proved that is the unique minimal prime of 
and that the embedded primes of are indexed by certain faces of the 
cone spanned by A. We provide a necessary condition for a particular face to 
index an embedded prime and a partial converse. Finally, we compare various 
polyhedral fans associated to Ij^ and /c^ . The Grobner fan of /c^ is shown 
to refine that of when the codimension of the ideals is at most two. 



1. Introduction 

Throughout this paper, we fix an ordered vector configuration A = {ai, . . . , a„} C 
Z"^. Assume that the d x n integer matrix A = [ai . . . a„] whose columns are the 
elements of A has rank d. Let Cj[ be the (n — c?)-dimensional saturated lattice 
{u G Z" : Au = 0}. Wc assume that Ca n N" = {0}. 

The support of a vector u S Z" is defined to be supp(u) := {i : Ui ^ 0} and u 
is primitive if the greatest common divisor of its components is one. 

Definition 1.1. A vector c G is a circuit of A if (1) c is a non-zero primitive 
vector and (2) there does not exist d G Cj, with supp(d) C supp(c). 

Let Ca denote the set of all circuits of A. Write c = c+ — where = cj if 
Cj > and otherwise, and c~ = —Cj if Cj < and otherwise. Identify c G Ca 
with the binomial x*^^ — x° G k[2;i, . . . ,Xn] k[x] where k is an algebraically 
closed field and x" := x^^ x^^ ■ ■ ■ ccJJ" . We refer to both c and x*^^ — x'^ as a circuit 
of A and denote both lists by Ca- 

Definition 1.2. The circuit ideal of A is the binomial ideal /c^ {Ca) ^ k[x]. 
The circuit ideal /c^ is a subidcal of the binomial prime toric ideal of A 

Ia ■■= (x"^ - x"" : u G Ca). 
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Toric ideals are the defining ideals of toric varieties |H] and have numerous appli- 
cations in combinatorics, optimization, algebra and algebraic geometry |18| . These 
connections make the computability of an important practical concern. 

Proposition 1.3. )18j Given a finite subset B of C_a, define the ideal Jjs := (x*^^ — 
x*^ ; b G S) C k[x]. A set B spans La o-Tii only if {J^ : {xiX2 ■ ■ ■ Xn)°°) = Ia- 

Proposition II .31 is the starting point of the best algorithms to compute I a since 
a spanning set B of Ca can be computed easily and each saturation in 

( Jb : (xiX2 • ■ • XnD = (((( Jb : xT) ■■ xT)---) : x^) 

can be achieved by a Grobner basis calculation (^OIj Chapter 12].) It can be 
checked that Ca spans Ca and hence I a = (^Ca • (2^1 2^2 ■ ■ • Xn)°°)- In many exam- 
ples, /c^ equals I A, and since the circuits of a matrix can be computed easily jH 
page 190], it is of interest to know how close the circuit ideal is to the toric ideal 
and in particular when they are equal. This raises the main problem addressed in 
this paper. See Remark 12. 31 for further motivations. 

Problem 1.4. When does the circuit ideal Iq^ equal the toric ideal Ia? 

In this paper, we investigate Problem 1 1 . 41 from several different angles. Let NA 
denote the semigroup {Au : u G N"} C Z'^. Both Ia and /c^ are homogeneous 
under multi-grading by NA with k[x]//^ having Hilbert function value one for all 
b G NA. In Section 13 we recall conditions for the equality of I a and /c^ and then 
exhibit various properties of circuit ideals that contrast those of toric ideals. We 
interpret the multi-graded Hilbert function values of k[x]//c^. 

From the point of view of Grobner basis theory, it is natural to investigate I a and 
Ica examining the difference between their initial ideals with respect to a fixed 
weight vector lo. In Section|21 wc give a complete characterization of the associated 
primes of a monomial initial ideal of /c^ (Theorem I3.11|l extending previously 
known characterizations of the associated primes of a monomial initial ideal of Ia 
|11| . The associated primes and the difference between the two monomial initial 
ideals are described in terms of certain polytopes that depend on A and lo. Using 
this we answer Problem ll.4l bv showing that the obstruction to equality of the ideals 
is the existence of certain polytopes of the above type (Theorem I3.21|l . 

In [S], Eisenbud and Sturmfels showed that I a is the unique minimal prime 
of Iqa ■ Thus a second natural measure of the difference between the two ideals 
is an understanding of the embedded primes of Ic^. Let cone(„4) denote the d- 
dimcnsional cone spanned by A. Record a face a of cone(„4) as the set of indices, 
J, of all a.j that lie on a. Eisenbud and Sturmfels proved that the associated 
primes of Iq^ arc all of the form P„ + Ia where a is some face of cone(^) and 
Per := {xj : j ^ a). In particular, I a = P[n] + I A is indexed by the full face 
[n] := {1,2, . ..,n} of conc(^). However, not all faces of cone(^) need index an 
associated prime of Ic^ and Eisenbud and Sturmfels raise the following problem. 

Problem 1.5. §7] 'It remains an interesting combinatorial problem to char- 
acterize the embedded primary components of the circuit ideal Ic^ ■ Ii^- particular, 
which faces of cone{A) support an associated prime of Ic^ ? answer to this ques- 
tion might be valuable for the applications of binomial ideals to integer programming 
and statistics. '' 
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In Sectional we give a necessary condition for a prime P^+Ia to be an embedded 
prime of /c^ fTheorem l4.4|l using the results in Sectional We also provide a partial 
converse to Theorem 14.41 As an application, we derive connections between the 
smoothness of the toric variety defined by a face a of conc(^) and Po- + Ia being 
an embedded prime of Ic^ when ^ is a graded vector configuration. 

We conclude the paper in ScctionElby examining various polyhedral fans associ- 
ated to I A and /c^. Given a homogeneous ideal / and a weight vector uj G M", let 
in;j(/) be the initial ideal of / with respect to uj, -^/inj^/) the radical of mi^{I), and 
top(ini^(/)) the intersection of the top-dimensional primary components of hii^{I). 
These entities define three equivalence relations on K" as follows. 

(1) The initial ideal equivalence relation: u v inu(/) = inv(/), 

(2) the top equivalence relation: u ~ v <^ top(inu(/)) = top(inv(/)), and 

(3) the radical equivalence relation: u ~ v <^ A/inu(/) = ^inv(/). 

For any homogeneous ideal /, the initial ideal equivalence classes form the cells of 
the Grobner fan of / m| , ^1 Chapter 2] . For I a it is well known that the other 
two equivalence classes also form polyhedral fans — the radical equivalence relation 
gives the secondary fan oi A |18[ Chapter 8], and the top equivalence relation 
gives the hypergeometric fan of A ^Hl ■ We prove that for Jc^ , the top dimensional 
equivalence classes of the radical and top equivalence relations coincide with those 
for Ia f Theorem 15 . 1 61 and Proposition 15 . 1 9|l . However, the Grobner fans of Ia and 
Icji do not coincide in general. CoroUarv 15.211 proves that when the codimension 
of the ideals is at most two, the Grobner fan of Ic^ refines that of Ia- 

2. Properties of Ia versus Ic^ 

In this section we first collect conditions equivalent to the equality of Ia and 
Icji- Many of these stem from combinatorics and optimization and most are well 
known 0], ^Hj- We then contrast /c^ with I a in light of these conditions. 

Consider the semigroup homomorphism tt : N" NA , u i— > ^u. Both Ia and 
Icji are homogeneous under the A-grading of k[x] by deg{xi) = for j = 1, . . . , n 
since every binomial of the form x" — x'^ in either ideal is A-homogeneous with 
A-degree 7r(u) = = Av = 7r(v). Let H/^, : NA ^ N be the Agradcd Hilbcrt 
function of k[x]//c^ given hy h ^ dimk(k[x]//c_^)b. Let H/^ be the same for Ia- 

Since £^ nN" = {0}, for each b G NA, the polyhedron Pb := {x G W^^ : Ax = 
b} is bounded ^ which implies that 7r-i(b) := {x G N" : Ax = b} = Pb n N" 
is finite for all b G NA. For a fixed b G NA, the vertex set 7r~^(b) admits four 
natural graphs as follows. First, choose binomial generating sets G{Ia) and G{Icj^) 
of I A and /c^ respectively, and let ^(b) and .^''(b) be graphs on 7r~^(b) such 
that u is adjacent to v in J-ih) (respectively in T^ih)) if x" — x'^ is a monomial 
multiple of a binomial in G{Ia) (respectively in G{Icji))- Next, fix a generic weight 
vector u! G M" in the sense that the initial ideals in^(/4) and mi^{Ic^) are both 
monomial ideals. Let Gi^{Ia) and Gt^(/c^) be the marked reduced Grobner bases of 
I A and Jc_4 with respect to oj. Elements of these Grobner bases are A-homogeneous 
binomials and the Grobner basis being marked means that the first term in each 
binomial / is its initial term in^{f)- Construct the directed graphs ^i^(b) and 
JF5(b) on 7r~^(b) by drawing an arrow from u to v in J-uj{h) (respectively F^{h)) 
if and only if x" — x'^ is a monomial multiple of some marked binomial in Guj{Ia) 
(respectively Guj{Ica))- 
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Lemma 2.1. 0] Theorem 1.1] Vectors u, v G tt ^(b) are in the same component 
of J-{h) (respectively T'^ih)) if and only if — x'^ lies in Ij^ (respectively Ica)- 

Lemma l^^Tl shows that while the edges in J-{h) and J-'^ih) depend on the choice of 
generating sets G(/_4) and G{Ica)i the components, and in particular the number of 
components, do not depend on this choice. Further, both J-{h) and .7\j(b) partition 
7r^^(b) identically into components. The same holds for J^''(b) and JF^(b). The 
following theorem mostly collects results from 0] and |18j . 

Theorem 2.2. The following statements are equivalent. 

(1) The ideals Ij^ and Iq^ are equal. 

(2) For every b e NA, the graph ^''(b) is connected. 

(3) For every b G f^A, the digraph T'^ih) has a unique sink. (In this case, 
the unique sink u in !F^{h) is the optimal solution of the integer program 
minimize {cj • x : ylx = b, x G N"}.j 

(4) For every b G and generic weight vector uj G K", in„(/c^) has a unique 
standard monomial of A- degree b. (In this case, the standard monomial of 
A-degree b is x" where u is the unique sink in J-'^{h).) 

(5) For every b G NA, the Hilbert function value H/^^ (b) is one. 

Proof: Statements (2)-(5) are all true if Ic^ is replaced by J-'^{h) by .?^(b) 
and .^^(b) by T^{h), see ^1 Chapters 4,5,10]. Further, I^ = Iq^ if and only if 
Glj{Ia) — Gui{Ica) if and only if for each b, .^^(b) equals .^-^(b) and hence if and 
only if J^''(b) and Tih) have the same components. Hence (1) is equivalent to (2) 
and (3). Since Ic^ ^ Ia, the two ideals are equal if and only if (5). The equivalence 
of (3) and (4) follows from Lemma [2.51 below . □ 

Remark 2.3. (1) The connectivity of Tih) was used in in the context of 
statistical sampling, to devise random walks on 7r~^(b). The equality of 
/_4 and Ica allows 7r~^(b) to be connected using G{Ica)i which is cheaper 
to compute than G{Ia). In Section |3| we will see that for most b G NA, 
J-'-^{h) is in fact connected fTheorem l3.16() . and that the set of b G NA for 
which .^''(b) is disconnected can be described precisely. See also 0]. 
(2) The equality of Ia and Iq^ will allow all integer programs of the form 

minimize {a; • x : Ax = b, x G N"} 

as b and lu vary to be solved by reduced Grobner bases of Ic^- The sig- 
nificance of this is that the circuits of A are precisely the primitive edge 
directions of the polyhedra Pb as b varies in NA and hence the directions 
taken by the simplex algorithm in solving linear programs of the form 

minimize {uj ■ x : Ax = b, x G ]R"g} 

as b and ui vary. Hence, even though Ic^ contains more than the circuits 
of A, philosophically, the equality of and Ic^ allows integer programs 
arising from A to be solved via the corresponding linear programming data. 

We now exhibit various properties of Ic^ that contrast those of 

Proposition 2.4. (1) The graph T'^{h) may have arbitrarily many compo- 
nents, even if we restrict to the case of A G Z^^'^. 
(2) The standard monomials of iiIi^^Ica) of A-degree b are not necessarily the 
cheapest monomials of that degree with respect to uj. 
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Proof: (1) For any natural number k > 2, take Ak = { k 2k + 1 3A: + 1 ) . 
Since the three entries are pairwise relatively prime, the circuits are a;^'^^^ — y*^, 
j.3k+i _ ^k^ yZk+i _ ^2k+i^ Their respective Adegrees are 2fc^ + k, 3fc^ + k, and 
6k^ + 5fc + 1. Thus the graph ^''(&) has no edges when b < 2k^ + k. In particular, 
this holds if we take b = m(3fc + 1) for m ~ [k/2\ . This graph has at least m + 1 
vertices {{j, j,m — j) : < j < m}, so it has at least m+1 = [k/2] + 1 components. 

(2) Consider A ~ {3,4,5}. The graded reverse lexicographic (grcvlcx) Grobncr 
basis of /c_4 with a >- 6 >- c is 

{^4 _ ^^3 _ ^3^ ^5 _ ^4^ ^2^3 _ ^^4^ ^3^3 _ ^^4^ ^2^^4 _ 

The monomials of degree 17 are a'^c,a^b^,abc^ and b^c of which the last three are 
standard monomials of the above grcvlex initial ideal of Ic^. However, we see that 
the non-standard monomial a'*c is cheaper than the standard monomial a^b^. □ 

We now prove that H/^,^ (b) equals the number of components of JF^(b), or 
equivalently, J^^{h). Proposition 12.41 (1) then shows that the values of H/,,^ can 
be arbitrarily large even for d and n fixed. In contrast, H/^(b) = 1 for all b G NA. 

Lemma 2.5. (1) Let x" be a standard monomial of iTi^{Ic^) with Au = h. 

Then for all v ^ u in the same component of J-^{h) as u, uj ■ u < uj ■ v. In 
particular, if p G N", Ap = h, and uj ■ p < oj ■ u, then x" — xP ^ Ic^ ■ 
(2) Each component o/ J-"^(b) has a unique sink u and x" is the unique standard 
monomial of ui^{Ic^) amonq all monomials x'^ such that v is in the same 
component as u. 

Proof: (1) If V (t^ u) lies in the same component of .^^(b) as u, then by Lemma lTTl 
7^ / := x'^ — x" e Ic^ ■ Since x" m^{IcJ^), i^uiif) equals either x"^ or /. By the 
genericity of w, we can assume in.c^{f) ^ /. Thus u ■ u < ui ■ v. 

(2) Let D be an arbitrary component of J-"5(b), v be an arbitrary vertex in D, 
and x" be the normal form of x'*' with respect to {Ica ) ■ Then x" is a standard 
monomial of m.^{Icji^) and by Lemma [2.11 u is in Z). If x" is another standard 
monomial of vi\^{Icj^) with u' in D, then by Lemma [2. II / x" — x" G /c^ with 
in^{f ) equal to either x" or x" , a contradiction. This implies that x" is the unique 
normal form of all x'^, v G Z) and hence it is the unique sink in 13. □ 

Proposition 2.6. The Hilbert function value H/^^ (b) equals the number of com- 
ponents of (b) . 

Proof: By Lemma [2.51 f2'). each component of T'^^^i) contributes precisely one 
standard monomial of in^^ (Jc^). The number of standard monomials of \^^{Ica) 
degree b equals dimk(k[x]/in^^(/c^))b = dimk(k[x]//c^)b = H/^^ (b). □ 

Example 2.7. When ^ /c^, the distribution of values of H/^^ can be quite 
complicated. In Figure ^ we plot these values for the matrix 



A 



13 2 4 

14 5 2 



The boundary of cone(^) is shown by dashed lines. Notice that deep in the interior 
of the cone, all of the values are one. Theorem 13 . 1 61 proves this fact. 
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Figure 1 . The distribution of values of H/^, for the matrix A in Example 12.71 



3. Monomial Initial Ideals of the Circuit Ideal 

Fix a generic weight vector a; S M" such that int^(/^) and in^{IcA) both 
monomial ideals. The main result of this section is Theorem 13 . 1 II which character- 
izes the associated primes of in^ {Ica ) i'^ terms of certain polytopes defined from A 
and u) and their lattice points. This theorem generalizes Theorem 2.5 in which 
gave a complete characterization of the associated primes of in^(J_4) in terms of 
certain lattice-point-free polytopes defined from A and oj. Using Theorem 13. Ill we 
describe the similarities and differences between the associated primes (standard 
pairs) oim.^{Iy() and int^(/c^), and give an answer to Problcm ll.4l ('Thcorcm l3.2l|l . 

To begin, we prove that inij(/^) and \t\^{Ica) have the same radical. This result 
was stated in without proof. If u and v are vectors in Z", then we say that u 
is conformal to v if supp(u"'") C supp(v+) and supp(u~) C supp(v~). Lemma 4.10 
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in^(/^) 


in^(/c^) 


radical of both initial ideals 


(10,0,1,3) 
(10,0,3,1) 
(3,1,10,0) 
(1,3,10,0) 
(1,5,3,0) 
(0,10,3,1) 
(1,3,0,10) 
(3,10,0,1) 


(ac, ad, bd) 

{ac, c^, ad) 
{ac, be, c^, a^d) 
(6^, ac, be, (?) 

{b\bc,?) 
{b'^,bc,c^,bd) 

{b'^,ad, bd) 
{b^,bc, bd,ad^) 


(ac, a'^d, bd, ad^) 
{ac, (? , a}d, abd, ad^) 
{ac, b^c, c^, a^d, bed) 
{b^, ac, b'^c, c^,bcd) 

{b'^,abc, c^,bcd) 
{b'^,abc, bc^,c^,bd) 
{b'^,a^d, bd, acd, ad^) 
(&^, abc, bc^, bd, ad^) 


{ac, ad, bd) 
{c, ad) 

{b,c) 

55 
55 

(6, ad) 

5! 



Table 1. Comparison of initial ideals of and Iq^ from Example 13. 31 



in 2H| states that every vector v G Ca can be written as a non-negative rational 
combination of n — d circuits of A that are conformal to v. 

Lemma 3.1. //x" — x'' G /_4 then there exists s G N>o such that x'*" — x**^ G Ic^- 

Proof: Suppose supp(a) Pi supp(/3) = 0. By Lemma 4.10], a — (3 = J2i=i li^i 
where are circuits of A conformal to a — /3 and qi G Q>o- Clearing denominators 
and repeating the circuits in the sum if needed, there exists an s G N>o such 
that s(a — f3) = Since the are conformal to a — /3, sa = '^l^i^i^ 

and sf3 ~ Further, since x"^'^ — x"^' G /c^ for each i = l,...,t', 

x''" — x*'' G /c^. If supp(a) nsupp(/3) then by applying the above argument to 
x("-/3)+ -y^io'-m- we get x''("-'3)^ ..x"^"-'^)" G Ic^. This implies that x''"-x'"3 = 
^s{niin{a,f3))^y.s{a-f3)+ __^s(a-i3) -j ^ where mm{a, P) is the component-wise 
minimum of a and [3. □ 



Proposition 3.2. The radical ideals ■\/int^(/^) and y^^ij^JJcA) coincide. 



Proof: Since I a 3 Ic^, in^(/^) D in^{IcA) ^"^^ hence ^/h^JjA) ^ yin^ 



For the reverse inclusion it suffices to show that any monomial x" in y^iiiJ(Z4) is 
in yJ\TL^{IcA)- If x" G y/^^kJjA) then (x")* G inij(J^) for some t G N>o. Hence 
x'" = int^(x" — x'^) for some x" — X'^ G I a- By Lemma f3. II x'*" — x^'^ G Iqa for 
some s G N>o. Thus, x*^" = in^(x^" - x-'^) G in^(/c^), and x" G ^m^{IcA)- □ 

Example 3.3. Consider the matrix 

A^(^ ^ ^ ^ 
1^ 1 2 3 

Using the program Gfan ^31 we find that both I a and Iq^ have eight distinct 
monomial initial ideals. Table Ogives a representative weight vector oj for each pair 
of initial ideals and verifies Proposition 13. 21 

Definition 3.4. [THl 

(1) The regular triangulation of A with respect to w is the simplicial complex 
on the vertex set [n] = {1, . . . ,n\ such that {ii, . . . , ir} C [n] is a face 
of Aui if and only if there exists a vector c G M'' such that a^ • c = ojj if 
j G {ii, ■ ■ ■ ,ir} and a^ • c < Uj ii j ^ {ii, . . . , i,}. 
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(2) The Stanley- Reisner ideal of a simplicial complex A on [71] is the ideal in 
k[x] generated by the monomials Xo- Iljea ^« ^'^'^ each minimal nonface 
a of A. 

Theorem 8.3 in ^| states that ^Jv^\ul{IA) is the Stanley-Reisner ideal of the 
regular triangulation A^^ of A. For a set cr C [n] define Pa ■= (xj : j ^ a) C k[x]. 
Note that is a monomial prime ideal such that k[x]/PCT has KruU dimension |(t|. 

Corollary 3.5. (1) All the associated primes of in^{Icj^) are monomial ideals 
of the form P^ where a is a face of the simplicial complex A^^ . 

(2) The prime P^ is a minimal prime ofiTi^{Ic^) if and only if a is a maximal 
face of . 

(3) The ideal hii^{Ic^) is equi- dimensional. 

Proof: If / is the Stanley-Reisner ideal of a simplicial complex A on [n] , then / 
has the irrcdundant prime decomposition / = ncrgmax(A)^cr where max(A) is the 
set of maximal faces of A |18l Chapter 8] . Thus the minimal primes of in^^ (Ica ) ' 
which equal the minimal primes of ^yin^J{Ic^ = ^yhlJ{^A), are the primes P^ as a 
varies in max(A;j), proving (2). Since is a pure simplicial complex, we get (3). 
If Pr is an embedded prime of intj(/c^), then t d a for some cr G max(Aij). This 
implies that r is a lower dimensional face of A^, proving (1). □ 

If T is a lower dimensional face of A^^, Pt may or may not be an embedded 
prime of inij(/c^). Theorem 13. Ill characterizes the lower dimensional faces of A;^ 
that index embedded primes of in^^ {Ica ) ■ 

Remark 3.6. If B is an arbitrary spanning set of Ca and Je as in ProDOsition ll.3l 

then it need not be that y^iiJ(Je) is the Stanley-Reisner ideal of any regular 
triangulation of A. In Example 13.31 the set B = {(1, —2, 1, 0), (2, —3, 0, 1)} spans 
the lattice Cj[ and Jg = (ac — b^,a^d — b^). The grevlex initial ideal of Jg with 
ayb)~cyd is {b^,abc,a^c'^) whose radical is {b,ac). This ideal is not listed in 
the last column of Table Q 

We now establish the necessary definitions and lemmas for Theorem 13. Ill The 
associated primes of a monomial ideal M can be studied via a combinatorial con- 
struction introduced in |19j called the standard pair decomposition of Al. 

Definition 3.7. Let M C k[x] be a monomial ideal, x" a standard monomial of 
M and cr C [n]. Then (x" , cr) is an admissible pair of M if: 

(1) supp(u) no- 0, 

(2) all monomials in x" • h[xj : j S cr] are standard monomials of M. 

An admissible pair (x", cr) of M is called a standard pair of M if there does not 
exist another admissible pair (x'^, r) such that v < u and supp(u — v) U cr C t. 

The (unique) decomposition of the standard monomials of M given by its stan- 
dard pairs is the standard pair decomposition of M. Let Ass(/) denote the set 
of associated primes of an ideal /. Since AI is a monomial ideal, all elements of 
Ass(M) have the form P^ for some cr C [n]. Standard pairs of M are related to 
Ass(M) as follows. 

Proposition 3.8. HHI 

(1) Pa G Ass(M) if and only if M has a standard pair of the form (•, cr). 

(2) Pa is a minimal prime of M if and only if (1, a) is a standard pair of AI. 




Figure 2. The polytopcs Q^, Qu,uj and Q'^,uj- 

We now define the polytopes needed in Theorem 13.111 Fix a matrix B G 
^nx{n-d) -^^jj^ose columns form a basis for the lattice Ca- Such a 5 is called a 
Gale dual of A. In particular, the columns of B span the kernel of A as an R-vector 
space. For u G N" let 

Qu := {z G K""'' : < u}. 
Recall that by assumption, Pb = {x G M>q : A^x. = b} is a polytope for all b G NA. 
The polyhedron Qu is the image of Pau under the isomorphism 

0u : {x G M" : Ax = Au} R""'' such that x^z where u - Bz = x. 

For each x G M" such that Ax — Au, u — x = Bz for some z G R"~'' since 
u - X G kcr(A) = {Bz : z G R""''}. Further, this z is unique since the columns of 
B are linearly independent. The vector u maps to under and hence G Qu- 
Next, define 

Qu,^ := Qu n {z G R"-'' : {-ljB)z < 0}, 
the subpolytope of Qu created by adding one new inequality depending on uj. For 
a a face of A;^ , further define 

Ql^ := {z G R"-"^ : (Bz < u)^ {-cjB)z < 0} 

where {Bz < u)'^ denotes the subsystem of inequalities indexed by a in Bz < u. 
Theorem 1 in proves that Q„ is a polytope. It is a relaxation of Qu.i^. Figurc[21 
shows pictures of the polytopcs Qu, Qu,w and Qui^. The inequalities in Bz < u 
are numbered 1, . . . , 5 and Q^ ^ is drawn for a = {5}. 

For a non-zero lattice point z G Q^ ^, set niz := (u — Bz)^ . Let Bi denote the 
i-th row of B. 

Remark 3.9. (1) The i-th component (mz)^ > if and only if z violates the 
i-ih inequality BiZ < Ui among the inequalities Bz < u defining Qu,qj. 
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(2) Since every z e satisfies BiZ < m for i a, the support of niz is 
contained in a. 

(3) The vector niz is the component- wise smallest vector m in N" with support 
in a such that z € Qu+m,Lj- 

(4) By the definition of rriz , u + niz - Bz e N" . 

For instance, in Figure |21 Zi G Qu.w and hence = 0, while Z2 violates the 
inequality B^z < defining Qu,^ and hence has a positive fifth component. 
Theorem 13. Ill will generalize the following theorem for toric ideals. 

Theorem 3.10. |TJ Assume u G N" and a E A^^ swc/i that supp(u) n cr = 0. 
T/ien (x",(t) is a standard pair ofiii^{Iy{) if and only if the following two conditions 
hold. 

(1) There are no non-zero lattice points in Q'^i^. 

(2) For every i G (t there is a non-zero lattice point in Q'^J^^ . 

Theorem 13.111 is analogous, but involves an algebraic component rather than 
being purely polyhedral. Recall that ~ Yiiecr^i' 

Theorem 3.11. Assume u G N" and a G A;^ such that supp(u) n <t = 0. Then 
(x",(t) is a standard pair of int^{lc^) if and only if the following two conditions 
hold. 

(!) For each non-zero lattice point z in Q'^ ^, x^^"^^ —x."^"^^^^^ ^ {Icj^ : x^). 

(2) For each i G cr, there exists some non-zero lattice point z G Qu^iJ^^ such 
that x"+™- - x"+™--'^^ G [Ic^ : 

Remark 3.12. Let J be any ideal such that Ic^ ^ J Q I a- CoroUarv 13.51 and 
Theorem 13.111 applv to ini^{J) by simply replacing /c^ by J everywhere in the 
statements and proofs. 

We first use Theorem 13. Ill to reprove Theorem 13. 101 
Proof of Theorem \3.1(A Since I a. is prime and monomial free, {I a ■ x^) = for 
all T C [n]. Thus if z is a non-zero lattice point in ^, then x""*"™^ _^u+m^-Bz ^ 
/_4 (/_4 : x^). Hence, Theorem l3.11l fl') holds if and only if there are no non-zero 
lattice points in Q'^^^. Similarly, Theorem 13.111 (2) holds in the toric situation if 

and only if for every i G there is a non-zero lattice point in Q^^J^^ . □ 

Proof of Theorem \S . 1 1\ Suppose (x", a) is a standard pair of in„(/c^)- Then 

a G A^j and supp(u) n cr = 0. Suppose z is a non-zero lattice point in Q1^^. Then 
— {ujB)z < 0, and because ui is generic, we may assume —{ujB)z < 0. For any 
m G N" with support contained in a, x"^'" is a standard monomial of 'mi^{Ic^) 
since (x", a) is a standard pair. If further, m > m^ = {u~Bz)~ , then u-f m — _Bz G 
N" and ^(u -I- m - Bz) = A{u -\- m) since AB = 0. Also, w • (u -I- m - Bz) = 
Lu ■ {u + m) — {ujB)z < lu ■ {u + m) since ~{loB)z < 0. Therefore, by Lemma [2.51 
-j^-u+m _ ^u+m-i3z ^ j^^^ particular, x"+'"- - x"+™---^^ ^ Ic^ and for all 
m' G N" with support in cr, x'"'(x"+'"^ - x"+™^~^^) ^ Iq^. Rewriting, this gives 

Suppose i ^ (J. Then there exists some m G N" with supp(m) C cr and p > 
such that x"+™a;^ G iii^{Icj^). Let q be the unique sink in the same component of 
J^^(A(u + m+pei)) as u-f m+pe.i. Note that q ^ u + m+pe-; since x'^ ^ in^(/c_4). 
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Let z G Z"^'' be such that q = u + m + pe; — _Bz. Then u + m + pei maps to 
and q maps to z 7^ in Qu+m+pei under the map (/)u+m+pei • Since uj ■ q = 
uj ■ {u + m. + pBi — Bz) < w • (u + m + pei), we see that -~{lliB)z < 0. Therefore, 

z is a lattice point in Qu+m+pei,ui and hence in Q'^J^^ obtained by throwing away 
the inequahties of Bz < u indexed by a U {i} from Qu+m+pei,uj- This is because 
supp(m + pei) C cr U {i}. By definition, < m + pei since niz is the component- 
wise smallest vector m' with support in crU {i} such that z S Q^i^^^ ^ and we know 
that z g Qu+m+pe; ■ Since q = u + m + pei — Bz lies in the same component of 
J^^{A{u + m + pei)) as u + m + pei, by Lemma [2. II 

^u+m+pe,; _ ^u+m+pei-Bz ^m+pe,; -m^ j-^u+ma _ ^u+m^-Bz-j ^ 

This imphes that x"+™- - x"+™--^^ e (/c^ : x;^^^.j) and (2) holds. 

(<^): Suppose (1) and (2) hold for some cr G A^^ and some u G N" with support 
in a. We first show that x"+'" is a standard monomial of in;j(/c^) where m G N" 
is an arbitrary vector with supp(m) C a. Suppose z is a non-zero lattice point 
in Qu+m,w Then z is also a non-zero lattice point in the relaxation Qu+m w ^ 
Q'u,uj- Compute mz for this u and z. Since z G Qu+m,Lu, niz < m. By (1), 

(^u+m. _ j^u+m,-Bz) ^ . ^oo) ^j^-^j^ implicS that 

^m-m,(-^u+m, _ ^u+m^-Bz-^ ^ ^u+m _ ^u+m-Bz ^ 

Thus for each z 7^ in Qu+m,^^, the vector u -I- m — Bz docs not lie in the same 
component as u -I- m. This implies that • v > • (u + m) for all v in the same 
component as u + m. By Lemma [2.51 x"+™ is a standard monomial of 'm^{Ic^)- 
Since supp(u) n cr = and m is an arbitrary vector with support contained in a, 
we conclude that (x" , a) is an admissible pair of in^ [Icjs. ) • 

To show that (x", a) is a standard pair, we need to argue that the monomials of 
this pair are not properly contained in any other standard pair (x" , cr') of in^(/c^). 
Suppose there is such a standard pair. We first argue that a — a' . By (2), if i cr 

then there exists some non-zero lattice point z in QS^^*'^ such that 

u+m^ _ u+m^-Bz ^ ij . oo \ 

This implies that there exists some p G N and m G N" with support in a such 
that xfx™(x"+™- _x"+™---^^) G Ica- Since (-wS)z < 0, a;fx'"(x"+'"-) is the 
leading term of xfx™(x"+™- - x"+'"--^^) G Ic^ and hence is in in„(/c^). This 
construction shows that not all monomials of the form x'^x'* where the support of 
q is contained in cr U {z} are standard monomials of va.^[Icj^ and hence (x", cr) is 
not contained in any admissible pair (x", cr') with a C. a' . To finish the argument, 
suppose (x", cr) is contained in a standard pair of form (x" , cr). Then u = mu' for 
some m whose support is contained in cr. However, because (x",cr) is a standard 
pair, the support of u must also be disjoint from a. Thus m = 1 and so u = u'. □ 

We now apply Theorems 13.111 and 13.101 to study the difference between the two 
monomial ideals inij(/^) and in;j(/c^). This difference will be the key to our study 
of the associated primes of Ic^ itself in Sectional 

Definition 3.13. A circuit- specific standard pair (CSP) is a standard pair of 
'vi^uj{Ica) that is not also a standard pair of int^{lX). 
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Corollary 3.14. Assume u e N" and a E Aui such that supp(u) n cr = 0. Then 
(x",(t) is a CSP if and only if the two conditions of Theorem \H.ll\ hold and there 
exists at least one non-zero lattice point z G ^ . 

Proof: If the two conditions of Theorem 13 . 1 II hold then (x", a) is a standard pair 
of in^^ (Jc^) and if there is a non-zero lattice point z S ^, then by Theorem 13. 101 
(x", a) is not a standard pair of 'm^{IX)- Thus it is a CSP. Conversely if (x", a) is 
a CSP then the two conditions of Theorem 13 . 1 1 1 hold . Suppose there is no nonzero 
lattice point z G Q'^^i- Then condition (1) of Theorem 13.101 is true. But since 
condition (2) of Theorem 13 . 1 II holds for this CSP, there is a non-zero lattice point 

in Qua?^*"'^ for each i ^ a, which is condition (2) of Theorem 13. 101 This implies that 
(x", a) is a standard pair of 'nii^{Ij{), contradicting that it is a CSP. □ 



Example 3.15. Consider the matrix A and weight vector uj given below: 

11111 
3 4 5 6 
7 8 9 



A 



uj = (1000,100,10,1,0). 



The matrix 



is a Gale dual of A and ujB 
and its initial ideal 



/ 2 4\ 

-1 -2 
B= -5-9 
1 
V 3 7J 
: (1851,3710). The circuit ideal 
a^e'^, hcF ~ a2e^ hc^ - a^d\ ce - 



in^(/c^) = {a^d\ ce, a'^d'^e'^, a^d^e^ , a^d^e"^ , a^d^e*^ , a^d^e^, a^e\ a^Se\ a^e^) 

has 58 standard pairs. These ideals and standard pairs were computed using 
Macaulay 2 0. Consider the standard pair {d^e^, {1, 2}) for which u = (0, 0, 0, 4, 3) 
and a = {1,2}. The monomial d'^e^ is a standard monomial for the toric initial 
ideal injj(/_4) as well and Qu.w n = {0}. However, the polytope 



z e z^ 











1 


•) 















1851zi + 3710^2 > 



contains two more lattice points: (1, 0) and (3, —1). Thus (x", a) is not a standard 
pair of inj^(/^), so it is a CSP. Both points have rriz = (2,0,0,0,0). For (1,0), 

hc^cP is not in (/c^ : (a6)°°) but does lie in 



_u-{-mz — -Bz 



{aby)°°) for each y G {c, d, e}. Similarly, for (3,-1), x"+'"^ — x"^ 



^u-l-m^ 

{Ica ■■ 

a^d'^e'^—fcc^de which also does not lie in (Jc^ : (a6)°°) but does lie in (/c^ : {aby)°^) 
for each y € {c, d, e}. 

We now use CSPs to give a precise description of the set B := {h E NA : 
H/(,^ (b) > 1}. This description gives a new proof of the following theorem alluded 
to in Section 121 (cf. Figure^. The theorem also follows from jH Corollary 5.3]. 

Theorem 3.16. For all b G NA sufficiently far from the boundary of cone(y^), 
H/^^ (b) = 1 and hence the graphs J-'^ih) and J^^{h) are connected. 
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Recall that b lies in B if and only if for a generic lu, muj{Ic^) has more than 
one standard monomial of degree b. That is, B = {Au : x" G ini^j(/^)\ini^(/c^)}. 
Since all standard monomials of degree b other than the toric standard monomial 
lie on CSPs of in(^(/c^), it follows that B is contained in the union of the images 
in NA of the CSPs of in^(/c^) under the map n : N" ^ NA, u ^ Au. 

Lemma 3.17. //(x", a) is a CSP ofm^{Icj^), then the set {a.; : i G a} is contained 
in a facet ofcoTic{A). 

Proof: Since (x", a) is a standard pair of in(j(/c^), by Corollary 13. 51 ct is a face of 
the regular triangulation A^^^. Suppose coiic(Aa) intersects the interior of cone(^). 
Choose a monomial x" on the CSP (x",(t) such that x" e int^(/^). Let x'^ be the 
standard monomial of 'm^{lA) of degree Aa. Then x" — x'^ G I a with leading term 
x". Since x™x" ^ ini^(/c^) for any m, the binomial x™(x" — x"^) ^ /c^ for any m 
since its leading term x^x" would then have to be in iii^{Ic^). This implies that 
(/c^ : x^) ^ Ia- On the other hand, since every embedded prime of /c^ is of the 
form Ft + I A where r indexes some proper face of cone(^) (see Proposition 14. 
the monomial x^- lies in each of these embedded primes since a is not contained in 
any proper face of cone(^). This implies that for m large enough, x^ lies in every 
primary component of /c^ except I a, which in turn implies that {Ica ■ ^'^) — ^A, 
a contradiction. □ 

Proof of Theorem [TBI By Lemma IST71 if (x",cr) is a CSP of in^(/c^), then 
Au + NAa , its image under tt in NA, is contained in some hyperplane parallel to a 
facet of cone(^). Since there are only finitely many CSPs of ini^(/c^), B is contained 
in finitely many hyperplanes parallel to the facets of cone(^). This implies that 
the maximum distance of a point in B from the boundary of cone(^) is bounded 
which proves the theorem. □ 

Using Lcmma [3 . 1 71 we can also prove that even if in^^ (Ia) i^^i^ {Ica ) j they share a 
significant number of standard pairs. Applications of this result will be developed in 
Section[Sl By Corollarv l3.5l iiiujilA) iiiw(^c^) have the same minimal primes P^ 
as a varies over niax(A;j). For such primes, \a\ = d and cone(,4cr) is d-dimensional. 

Definition 3.18. A standard pair (x",fT) of in;j(/^) or in;j(/c^) is said to be fat 
if Per is a minimal prime of these initial ideals or equivalently if |(t| = d. 

We now prove that in^{lA) s^nd in^{IcA) have the same fat standard pairs, 
strengthening Proposition 13.21 An alternate proof relying on enumeration is in- 
cluded in Section Is] 

Theorem 3.19. The monomial ideals in^ilA) o.nd 'Ya.^{IcA) have the same fat 
standard pairs. 

Proof: Suppose (x", cr) is a fat standard pair of inj^(/^). Since in^^ (/c^^ ) C in;j(/x), 
(x",(t) is an admissible pair of in(j(Jc^). If it is not a standard pair of ini^(/c^), 
there exists some standard pair (x"^, t) of u\^{Ica) such that supp(u — v) U cr C r. 
However, since a £ max(A(j) and r e A^^, cr = r. This implies that supp(u— v) C a 
which in turn implies that u v since supp(u) n cr = supp(v) n cr = 0. 

Suppose (x", cr) is a fat standard pair of vh^^Ca)- Then by Proposition 13 .81 and 
Corollarv 13.51 cr is a maximal face of A^^. Then by Lemma f3. 171 (x",cr) is not a 
CSP of ini^(/c^), so (x",cr) is a standard pair of m^{lA)- D 

We conclude this section with an answer to Problem 1 1.41 
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Definition 3.20. A polytope corresponding to a CSP (x",(t) of in„(/c^) is 
called a CSP polytope of A. 

Note that CSP polytopcs can be defined independently of standard pairs by the 
conditions of Corollary 13. 141 

Theorem 3.21. The following are equivalent. 

(1) The ideals I a and Ic^ are not equal. 

(2) There is a generic cu € M" for which A has a CSP polytope. 

(3) For every generic lo G M", A has a CSP polytope. 

Proof: The ideal — Ica ^^'^ '^^^Y ^o'' ^^^y generic uj G M", inuj{lA) = 
^i^u){Ica) which is if and only if iUi^^Ca) ^^^^ CSPs. □ 

4. Associated Primes of the Circuit Ideal 

In this section, we show how the associated primes of Ic^ relate to the CSP 
polytopes of its initial ideals discussed in Section|3| Recall that a face F of cone(^) 
is recorded as the set a := {j : aj G F} C [n]. 

Proposition 4.1. |S] 

(1) The toric ideal I a is the radical of the circuit ideal Iq^ o.nd hence the unique 
minimal prime of Iq^- Furthermore, I a = {Ica '■ {^1^2 ' ' ■Xn)°°). 

(2) All associated primes of Iqa o,re of the form P„ + Ia for some face a of 
cone(.4). In particular, I a = P[n] + Ia- However, not all faces of cone{A) 
need index an associated prime of Iqa ■ 

Remark 4.2. If / = {Ica ■ f^i' some monomial x™, then Ica I Ia 

and Proposition 14. II holds for /. Thus most of the results in this section stated for 
circuit ideals actually hold for all such ideals /. 

Definition 4.3. [Tj Let / be any ideal in fc[x] and let P be an ideal that contains 
/. Then P is an associated prime of / if P is prime and there exists some / G fc[x] 
such that (/ : /) = P. We call / a witness for P. 

Using Proposition l4.1l we can now state the main results of this section. We say 
that r is the type of a standard pair of the form (•, t). 

Theorem 4.4. Let t be any (possibly empty) proper face 0/ cone(^) and to be a 
generic weight vector. If Ft + Ia is associated to Ica (and hence embedded), then 
there exists a circuit- specific standard pair of iui^ {Ica ) '^f ^VP^ P such that 

(1) /3 C 

(2) if a is a face of cone(.A) properly contained in t, then (3 is not contained 
in a , and 

(3) |/3| = dimconc(^T-). 

Furthermore, there is a witness for the prime Pr + I a whose leading term with 
respect to lj lies on such a CSP. 

We also prove a partial converse. 

Theorem 4.5. For a generic lo, if ui^IIca) has a CSP of type (3, then Iqa has an 
embedded prime Pa + I a for some face a of cone(.A) such that a ^ (3. 
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Figure 3. The point configuration of Example 14. 71 

Before proving the theorems, we consider a few impUcations. We say that a face 
T of cone(^) is simplicial if |t| = dim cone (^r)- If r is a simphcial face of cone(^), 
then no binomial in /_4 is supported entirely on r, so Pr + 1 a is just the monomial 
prime Pr = {xi : i ^ t) . Then Theorem 14.41 specializes as follows. 

Corollary 4.6. If Pt + I a *s '^'^ embedded prime of Iq^ and t is a simplicial face 
of conc{A), then for every generic to, yo-i^ilc^) has a CSP of type r. 

The situation is more complicated when non-simplicial faces of cone(^) index 
embedded primes. In particular, Theorem 14 . 41 does not specify a particular /3 C [n] 
such that every monomial initial ideal of /^^ must have a CSP of type (3. 

Example 4.7. Consider the matrix 

/ 5 2 1 \ 
^ = 5 1 4 2 . 
\005203/ 

The configuration A labeled 1, . . . , 6 in Figure 13 spans the cone over a triangle in 
M'^, so by Proposition 14 . 1 1 there are seven possible embedded primes corresponding 
to the seven proper faces of cone{A). All seven of these primes are indeed associated 
to /c^. The two non-simplicial 2-dimensional faces, {1,2,5} and {2,3,6}, index 
the primes P{i,2,5} + Ia = if, d, c, ab'^ - e^) and P{2,3,6} +Ia^ {e,d, a, b'^c^ - /^). 
The third 2-face {1, 3} is simplicial and indexes the prime ^'{1,3} = {b, d, e, /). The 
remaining four primes P{i,2} = {c,d,e,f), P{i^3} = {b,d,e,f), P{2.3} = {a,d,e,f), 
and P{0} = (a, 6, c, d, e, /) correspond to the three rays of cone(^) and to the apex, 
all of which are trivially simplicial. 

By Corollarv 14.61 each in;j(/c^) must have CSPs of types {1,3}, {3}, {2}, {1}, 
and corresponding to the five simplicial faces of cone(^). Since P{a.b.e} + I A is 
associated. Theorem 14.41 requires that in;j(/c^) has a CSP of type {1,2}, {1,5}, 
or {2,5}. Similarly, because of P{b.c.f} + Ia, there must always be a CSP of type 
{2, 3}, {2, 6}, or {3, 6}. We list the types of CSPs that appear for two term orders. 

• For lexicographic order with f ^ e >~ . . . )^ a, in^(/c^) has the following 
types of CSPs: {1, 3}, {3}, {2}, {1}, 0, {1, 2}, {2, 3}. 

• For reverse lexicographic order with a >~ b >~ . . . >~ f , in^(/c^) has the fol- 
lowing types of CSPs: {1, 3}, {3}, {2}, {!}, 0, {6}, {1, 5}, {3, 6}, {2, 6}, {2, 5}. 

We now prove Theorem 14.41 The idea is to find a witness for the embedded 
prime P^+Ia, compute its normal form with respect to the reduced Grobner basis 
Gu{Ic^), aud show that the result is a witness whose w-initial term lies on a CSP 
satisfying all of the desired properties. 

Lemma 4.8. If f is a witness for an embedded prime P^ + I a of Ic^, then the 
following hold. 
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(1) The witness f is in the toric ideal 

(2) For any g G Ic^, f + S is also a witness for Pr + Ia- In particular, the 
normal form of f with respect to Guj {Ica ) is a witness. 

(3) If:x."^ is a monomial with supp(m) C t, then x™/ is also a witness. 

Proof: 

(1) Since r is a proper face of cone(^), there is some variable Xi G Pr + Ia, so 
Xif G I A- Since I a is a prime ideal without monomials, f ^ Ia- 

(2) Since g S /c^, so is pq for any polynomial p G k[x], and thus p{f + g) G 
Ica ^Pf& Ica- Thus [Ica ■■ f + g) = (Ica ■■ /) = Pr+lA- 

(3) If /i G Pr + Ia, then ft.(x™/) = {x"'h)f is in Ic^ by the assumption that / 
is a witness. On the other hand, if /i ^ Pt + Ia, then neither is x™/i because 
supp(m) C T and Pr + Ia is prime. Thus x"^h ^ P^. + Ij^ = (Ic^ : /), so 
h i {Ica ■■ x™/). Thus (Ica ■■ x'"/) = {Ica ■■ f )= Pt + Ia as claimed. 

□ 

Lemma 4.9. If f is a witness for an embedded prime Pr + Ia of Iq^ and f is 
the normal form of f with respect to Gi^{Ica), then 'nii^{f) lies on a CSP (•,/?) of 
iiiwC^C^) with f3 Ct. 

Proof: By Lemma 14.81 / is also a witness for Pr + I a and f ^ Ia- This implies 
that in^(/) G in^(/^) \ in„(7c^), so in^jif) must lie on some CSP (•,/9)of in^ (Jc^). 
Since Xif G Ic^ whenever i ^ t because / witnesses Pr + Ia, it follows that 
a;iin„(/) G in^(/c^) for z ^ r, so /3 C t. □ 

Proof of Theorem \4.4\ Suppose Pr + I a is an embedded prime of Ic^ and e := 
dimcone(y^r)- We first claim the following: there is a constant C such that for all 
sufhciently large N, Pt+Ia has at least N'^ witnesses whose normal forms with 
respect to G^{Ica) have distinct leading terms, and each such leading term xP has 
the property that every component of p is bounded above by CN . 

Suppose the claim is true. By Lemma 14.91 each such monomial xP must lie on a 
CSP of type (3 with (3 (Zt. Each such standard pair contains at most Cl^l(A^ + l)l^ 
monomials xP such that Pi is bounded above by CN . Since there are only finitely 
many standard pairs for in(^(/c^), all the standard pairs of type /3 with < e 
together cover only at most 0{N'^~'^) of the monomials which is not enough to 
contain the N'^ leading terms xP. Thus some of these leading terms must lie on 
standard pairs {-,(3) with \(3\ > e. Since by CoroUarv 13.51 each /? is a face of the 
triangulation A^j of this is only possible if |/3| = e and (3 is not contained in any 
face (7 of cone(^) whose dimension is less than e. These are exactly the types of 
standard pairs in the conditions of Theorem 14.41 

Now we prove the claim. Since Pr + Ia and Ic^ are both ^-homogeneous, 
there exists an ^-homogeneous witness / for Pr -I- Ia- Set x" := m^{f). Since 
e = dim cone(ylr)5 we can find an e-subset a of r such that the columns of A 
indexed by a are linearly independent. Thus if mi ^ m2 are supported only on a, 
then ^mi ^ Am.2. 

Consider all polynomials of the form x™/ where < < iV for t G a and 
TOi = for i ^ a. Such a polynomial is ^-homogeneous of ^-degree ^m + and 
so is its normal form with respect to Gu: {Ica ) since Ic^ is an yl-homogeneous ideal. 
Thus the normal forms of these A^'^ polynomials are all ^-homogeneous of different 
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degrees, so in particular they all have distinct leading terms. Furthermore, by parts 
(2) and (3) of Lemma [4. 81 each such normal form is a witness for Pr + Ia- 

It remains to establish that if xP is the leading term of one of the normal forms, 
then each component of p is bounded by a constant multiple of . Let a be a strictly 
positive vector in the rowspan of A. Such a vector exists since C_a H N" = {0}. 
By scaling, we can assume that the minimum component of a is 1. Let R be its 
maximum component. Since Ap = A{u + m), it follows that a ■ p = a • (u + m). 
Then IIpIIi = Er=iP» < J2"=i ^'ft = 



< i?X(w, + m,) ^ R{J2 u^ + Y^m,) < R{\\n\\i + nN). 

i—1 i—1 2—1 



It follows that for any z, we have 

P^ < IIpIIi < i?niV + i?||u||i 

which is a bound of the desired form. □ 

We now prove Theorem 14. 51 Recall the following algebraic fact. 

Lemma 4.10. /// is an ideal in fc[x] and g is any polynomial, then the associated 
primes of (I : g°°) are exactly the associated primes of I that do not contain g. 

Proposition 4.11. Recall that ~ Yiier ^i- The associated primes of {Ic^ ■ x^) 
are exactly the primes + I a of Iqj^ that satisfy cr D r. 

Proof: We get x^ G _Pcr + I a if and only if some variable Xi with i E t lies in 
Pa + Ia, which in turn occurs if and only if r is not contained in a. Now apply 
Lemma QUI □ 

Proof of Theorem \4.5\ Suppose (x",/3) is a CSP of in^^ (Jc^). Choose f E Ia 
such that in^(/) = x^x.^ for some m > 0. This is possible since every CSP of 
iiiiij(^C^) contains non-standard monomials of ini^(/^). Since no monomial of the 
form intj(/) • x^ lies in mi^{Ic^), no polynomial of the form / ■ x^ lies in Ic^. This 
implies that (/c^ : x^) does not contain / and is hence not equal to Ia- However, 
since (/c^ : x^) C {Ic^ ■ x'^) must have an embedded prime. This prime is 
also embedded in /c^ by Proposition 14.111 and it has the form P^ + I a for some 
aD 13. □ 

Theorem 14.51 is only a partial converse to Theorem 14.41 It is not true for a 
given weight vector uj that the existence of a CSP (x", (3) of m^{IcJ^) satisfying the 
conditions of Theorem 14.41 with respect to some proper face r of cone(^) implies 
that Pr + I A is associated to Ic^ ■ 

Example 4.12. Take 

/ 1 3 2 4 
1^ 1 4 5 2 

The values of the ^-graded Hilbert function of this A are shown in Figure ^ The 
proper faces of cone(^) are {3}, {4}, and 0. Only the first two index associated 
primes of Iq^- However, if we take uj to represent the lexicographic term order with 
a y b y c d, there are five CSPs of m^{Ic^) of type 0. On the other hand, if uj 
represents the .A-graded reverse lexicographic order with a )^ h )^ c )^ d, then there 
are no CSPs of type 0. 
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Based on Example 14. 121 it is possible that if t is a face of cone(^) such that for 
every generic ui there is a CSP of ini^(/c^) satisfying the conditions of Thcorein l4.4l 
with respect to r, then Pr + Ij\ is associated to /c^ . 

We conclude this section with an application of Theorem 14.41 Let ^ be a con- 
figuration satisfying IjA = Z'' and whose vectors comprise the lattice points in a 
lattice polytope R. Further assume that the first row of A is (1, . . . , 1), so i? is at 
height 1. The polytope R defines a projective toric variety X_a and the faces {r} 
of R (which are in bijection with the faces of cone(^)) index a canonical collec- 
tion of affine charts {Ur} covering X_a |H|- We investigate how smoothness of Ur 
determines whether Pt- + Ia ^ Ass(/c^). 

Definition 4.13. (1) Let K he a convex rational polyhedral cone in M* that 
does not contain a line. We say that K is smooth if it is generated by 
primitive vectors that form part of a basis for Z* . 
(2) Let Kp denote the inner normal cone of a face F of a polytope Q. The 
face F is smooth if the restriction of Kp to the linear span of Q is smooth. 

Remark 4.14. (1) If u is a smooth vertex of a polytope Q then there are 
exactly dim Q edges of Q incident to v. Further, the cone dual to Ky is 
also smooth Theorem 2.10, Chapter V]. Note that this dual cone is the 
tangent cone of Q at w and contains Q. 
(2) A face of a polytope Q is smooth if and only if the affine toric variety 
Up is smooth 

Theorem 4.15. Let A and R be as above. // a„ is a smooth vertex of R, then 
P{n}i~ P{n} + I a) i^ot an associated prime of Ic^- 

Proof: Suppose P{n} is associated. Since {n} is a simplicial face of cone(.A), by 
Corollarv l4.6l every monomial initial ideal m^{Icj^) has a CSP of the form (x", {n}). 
In particular, let lo represent an elimination order with Xn most expensive. We may 
assume that each of ai, . . . , a^-i £ ^ is the first lattice point from a„ along one of 
the d — 1 edges incident to a„. Let := a^ — a„ for i = 1, . . . , d — 1. 

Since a„ is smooth and R is contained in the tangent cone at a„, for each 
lattice point in R (i.e. column of A), there are unique £ N such that a^ = 
a„ + Yli=i ''^iVi- Rearranging terms, and setting M ~ ~1 + YltZi''^i^ g'^t 
aj + A/a„ = '}2it=i ^i^i with all coefficients nonnegative. If j = n, this equation 
reduces to = 0, and if 1 < j < d — 1, it reduces to a^ = a^. But in the nontrivial 
case where — 1 < j < n, this relation is a circuit because ai, . . . , Od-i, a„ form 
a maximal linearly independent set. Thus xjx'^' — Y[i=i ^T' ^ ^Ca- choice of 
Lu, its leading term is XjX^ . Since (x",{ri}) is a CSP, this term must not divide 
x^ x" for any N. This means that j is not in the support of u. 

For N sufficiently large, x^x" e in^(/^), so we can choose x^ inw(^^) such 
that x^ x" — x^ Ia- Since I a is prime, factor out any common monomial to get 
x" — x'^ G I A where u and v have disjoint supports. Since u — v G C^, the convex 
hulls of {ai : i e supp(u)} and {a^ : i e supp(v)} must intersect. 

Since a„ is smooth, we can assume by applying an invertible Z-affine transfor- 
mation that a„ is the origin and a^ is the ith standard basis vector in 'E'^~^ for 
1 < i < d — I. That is, a„, ai, a2, . . . , a^-i are the vertices of the standard simplex 
S'inM'^-i. 
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Since j ^ supp(u) for any d — I < j < n, U :~ conv(ai : i G supp(u)) is a 
face of iS*. Since supp(v) n supp(u) = and S contains no lattice points except its 
vertices, V := conv(ai : i G supp(v)) consists only of vertices of S outside U along 
with lattice points in R\S. Now S and R\S are both convex, so U and V could 
intersect only on the boundary of S. But since the vertices in U and those in V r\S 
form disjoint faces of S*, there is no intersection on this boundary, contradicting 
that uc^v □ 

Example 4.16. Non-smooth vertices of R may or may not index associ- 
ated primes of /c^: For the following A, the polytope i? is a triangle in M''. 

/I 1 1 1 1\ 
A = 3 4 5 5 . 
\ 1 1 1 2 / 

None of the three vertices (0,0), (5, 1), and (5,2) of R are smooth. The vertices 
(0, 0) and (5, 2) both index associated primes, while the vertex (5, 1) does not. 

Example 4.17. Smooth edges of R may index associated primes of /c^: 
Consider the matrix 

/llllllllllllllllllX 
000000000111111111 
000111222000111222 
\012012012012012012/ 

where cone(^) is the cone over a rectangular prism R. All edges of R are smooth, 
but we compute that four of them index associated primes of /c^ . 

5. Fans of Toric and Circuit Ideals 

The main goal of this section is to compare Ij^ and /c^ via three polyhedral 
fans that can be associated to them. These results rely on Theorem 13.191 which 
states that for a generic w, the fat standard pairs of 'm.^{Ij() and '^^{Ica) 
the same. We begin by providing a second proof of Theorem 13 . 1 91 using completely 
different techniques from those used in Sectional These methods exploit the general 
structure of standard pairs and can be applied to any pair of ideals, one contained 
in the other, that satisfy hypotheses similar to and /c^. Recall the notions of 
admissible pair and standard pair from Section 13 

Definition 5.1. A pair (x",(t) is the set of monomials {x™ : m > u and = 

Ui for all i cr} C k[x]. The dimension of the pair (x",(7) is the cardinality of a. 

Lemma 5.2. ^ Let M C k[x] be a monomial ideal with the Krull dimension of 
k[x]/M equal to d. Then any admissible pair of M has dimension at most d. 

Lemma 5.3. Let M, M' C k[x] be monomial ideals with M C M' and with the 
Krull dimension of k[x]/Af equal to d. Then any d-dimensional standard pair 
(x",cr) of M' is also a standard pair of M . In particular, any d-dimensional (fat) 
standard pair for ^^^{Ia) is also a standard pair for u\^^{IcJ^)■ 

Proof: The admissible pair (x",cr) for M' is admissible for M since M C M' . 
To prove that the pair is standard for M we must show that there does not exist 
another admissible pair (x"^,t) of M with x'^|x" and supp(u — v)U(t C t. Suppose 
such a (x^,r) exists. Since dim(k[x]/M) = d and M C M', dim(k[x]/A/') < d, so 



20 



TRISTRAM BOGART, ANDERS N. JENSEN, AND REKHA R. THOMAS 



by Lemma 15.21 |r| < d. Then ct C r, \a\ = d, and |t| < d implies a = t. Since 
supp(u) n CT = 0, supp(u — v) n cr must also be empty. On the other hand we have 
supp(u — v) C T = (T. Hence supp(u — v) = 0, so u = v. □ 

Definition 5.4. Fix a e N"q and grade k[x] by a via deg(.T,;) at. Let / C k[x] 
be an a-homogencous ideal and let 1^ be the k-vector space of polynomials in / of 
a-degree s. Let Hi ^is) dimk(k[x] s//s) be the a.-graded Hilbert function of /. 

If / is a-homogeneous, then iJ/.a(s) = -f^ini^(/),a(s) ^or any uj G M". If / is a 
monomial ideal, i?/,a('S) equals the number of standard monomials of / of degree s. 

Let (x", (t)s denote the set of monomials of a-degree s on the pair (x", a). Hence 
(x",(t) = U^o(x"7f)s- We use the notation 0{s^) for the set of all functions 
/ : N — > Z such that |/(s)| is bounded above by a polynomial in s of degree e. Note 
that 0{s'^) is closed under addition. 

Lemma 5.5. Let (x", a) be a pair and define the function /a(s) ~ cr)s\- Then 

/a e 0(sl'^l-i)\0(.sl"l-2). 

Proof: We will show this for u = 0. The generalization of the result is straight- 
forward. Let 1 := (1, . . . , 1)"^ e N" and b be the product of the entries in a. 

If x"^ S (Ijtr) with a-degree s, then x^"!"!' - '"""") has total degree s and is also 
in (l,cr). Hence /a(s) < On the other hand, if x'*^ G (l:"") with total degree 

s, then "i""^"' '"^^"'' is in (1,(t) and has a-degree bs. Hence /i(s) < fa{bs). 

Now/i(s) = (*|j.J^l7^) is a polynomial of degree \a\ — 1. The fact that /a(s) < 

/i(s) implies that /a E ©(sl'^l"^). If /a £ 0(sl'^l"^), then so is the function 
s I— > faibs). Then by the previous paragraph, so is /i which is a contradiction. □ 

Lemma 5.6. Either two pairs (x",(t) and (x'^,r) do not intersect or (x",(t) n 
(x^,r) = (x'"^'^("^^),crnT). 

Proof: Assume that (x",cr) and (x'^,t) have a non-trivial intersection. 

Let x'" be any monomial in (x", a) D (x^ ,t). Then m > max(u, v) since m > u 
and m > V. Let i G (tr n r) = U r. Without loss of generality i which implies 
that nii = Ui since x™ G (x",(t). Therefore, m > Vi since m > max(u,v). This 
implies that = max(u, v)i, and (x", a) n (x^, t) C (x"^'*''*"^"^), cr n r). 

Choose X™ G (x", cr) n (x'^, r) not divisible by any other monomial in the inter- 
section. Then we have x"x" = x™ = x'^x'^ where supp(Q!) C a and supp(/3) C r. 
Further, supp(a) n supp(/3) = since x™ is not divisible by any other mono- 
mial in (x",cr) n (x^,t). Then for each i G [n], since i cannot occur in both 
supp(a) and supp(/3), = max(iti, Wi). Thus m = max(u,v), so (x™,ct n t) = 

(■^max(u,v)^^p^-) C (X",cr) fl (x^,t). □ 

Lemma 5.7. Let M C k[x] 6e a monomial ideal. Let (x", cr) and (x"^, r) 6e different 
standard pairs of M with non-empty intersection (x'"''''^"''^^ a Ci t). Then a Cit is 
properly contained in each of a and r. 

Proof: Suppose ctHt = a. Choose x™ in the intersection of the two standard pairs. 
If i G cr, I'i ~ Ui ~ since cr C r and (x",cr) and (x'^,r) are admissible. If i G ct, 
we have rui = ui since x™ G (x", a) and Ui = rui > Vi since x™ G (x'^, r). In both 
cases Ui > Vi, implying u — max(u, v). Consequently (x",cr) = [:xF^^^^"'^\a) ~ 
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Figure 4. The intersection of the pairs (xf 2:3, {2, 3}) and 
[x^xl, {1,3}) is the pair {xlx^xl, {3}). 



(■xmax(u,v)^ ^ n r) = (x", cr) H (x^, r) C (x^, t). This imphes that (x", a) = (x^, r) 
since both are standard pairs, which is a contracUction. □ 

Lemma 5.8. Let M,M' C k[x] be monomial ideals with M C M' and let d be the 
Krull dimension o/k[x]/M. Let a G N"q. Then the d-dimensional standard pairs 
of M and M' are the same if and only if Hm,^ — Hm'.sl G 0{s'^^'^). 

Proof: {=>)'■ We count the number of standard monomials of each monomial ideal 
via the Inclusion-Exclusion Principle, getting a formula of the form 

t 

r=l l<ii<-<v<t 

for each of M and M' . The nonzero terms having r 7^ 1 or having \ ^ d belong 
to 0(5''"^) by Lemma l5 . 71 and Lemma 15.51 The remaining ones correspond to the 
d-dimensional standard pairs. Since the d-dimensional standard pairs of M and 
M' are the same, these remaining terms arc the same for both sums. Hence the 
difference i?A/,a — HM',a is in 0{s'^~^). 

(<^): By Lemma 15.31 each term in the sum for M' that is not in 0{s'^^'^) is 
also in the sum for A/. Suppose there were more terms in the sum for M not in 
0{s'^~^). These terms would all be positive, so the difference Hm^a — Hm' ,a would 
not be in 0(s''^^), a contradiction. □ 

Lemma 5.9. Let I C k[x] be an a.-homogeneous ideal such that Ic^ ^ I ^ Ia- 
ThenHi,^-H^j.,,,^^^^eO{s''-^). 

Proof: Let lo represent the a-graded reverse lexicographic term order with xi ~< 
X2 -<■■■-< Xn- Since I {I ■ xf) implies in^(/) C m^{I : x^), it suffices (by 
Lemma l5.8|l to show equality between the sets of d-dimensional standard pairs of 
these initial ideals to prove the lemma. Since /c^ C J C all ideals involved are 
d-dimensional. 

Let (x", cr) be a standard pair of ini^(/) with \a\ = d. Then by Remark l3.12l (1, (t) 
is also a standard pair of in^^ (/) . Recall that the cr-columns of A are independent 
over Q since cr is a maximal face of A^^. We claim that 1 G a. If not, then ai and 
{fliligcr are dependent over Q. By Lemma l3.1l this gives an a-homogcneous binomial 
x" — x'' G Icji Q I with supp(q;), supp(/3) C cr U {1} and supp(a) n supp(/3) = 0. 
The initial term m^{x°' — x*^) must be the term not containing xi by the definition 
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of w, SO the support of this term is contained in a. This contradicts (l,cr) being 
standard. 

The ideal \n^{I : xj°) can be computed from in„(/) by projection along the 
xi axis, see |18l Lemma 12.1]. Since the monomials in (x",cr) arc all standard 
for yn.u{I) with 1 S cr, the pair (x",^) must be admissible for : xf^). It is 

standard because its root is 1 and its dimension is d. □ 

Second proof of Theorem VS.HA Let a be a positive vector in the rowspan of A. By 
Proposition O we have I a = [Ica ■ {xiX2 ■ ■ ■ Xn)°°) = {{Ic^ : xf) : ... : x^) 
so by repeatedly applying Lemma lOl we sec that -ff/^,a — Hj^ e 0{s'^~^). It 
then follows by Lemma l5.8l that iiioj{lA) and ini^(/c^) have the same d-dimcnsional 
standard pairs. □ 

5.1. Polyhedral Fans of /c^. An ideal in k[x] gives rise to several natural equiv- 
alence relations on R" some of which give rise to polyhedral fans. In this final part, 
we compare various equivalence relations and fans for toric and circuit ideals. 

Definition 5.10. |16[ page 112] Let J C k[x] be an ideal and d be the KruU 
dimension of k[x]/ J. Define top(J) to be the intersection of all primary components 
of J of dimension d. 

Note that top( J) is well defined since the d-dimensional primary components of 
J are not embedded and are hence unique. 

Definition 5.11. Let / C k[x] be an ideal homogeneous with respect to a positive 
vector a G N"g. We define three equivalence relations on R": 

• The initial ideal equivalence relation u ~ v <^4" inu(/) = inv(/). 

• The top equivalence relation u ~ v top(inu(/)) = top(inv(/)). 

• The radical equivalence relation u ^ v \/ni^JJ) = \/inv(/). 

In all three cases, the equivalence classes arc invariant under translation by a. 

Definition 5.12. A collection C of polyhedra in R" is a polyhedral complex if: 

(1) all proper faces of a polyhedron P G C are in C, and 

(2) the intersection of any two polyhedra ^4, B S C is a face of A and B. 
A polyhedral complex is a fan if it only consists of cones. 

We say that an equivalence relation defines a fan F if the closures of its equiva- 
lence classes are exactly the cones in F. 

Proposition 5.13. Let I be as in Definition \5.11\ Then 

(1) The initial ideal equivalence relation defines the Grobner fan of I. 

(2) The radical equivalence relation does not define a fan in general. 

A proof of the first claim is given in ^1 Chapter 2] . See also ^3] . The following 
example demonstrates the second claim. 

Example 5.14. The radical equivalence classes of the homogeneous ideal / = 
(c"' — ha^.ah^ — ha^) C k[a, 6,c] are not all convex. This ideal has eight monomial 
initial ideals. Four of them have radical {ah, ac, be) and the other four have radical 
{ab, c). The intersection of the Grobner fan with the 2-dimensional standard simplex 
is shown in Figure [3 and the two radical equivalence classes are shown in gray and 
white. 
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Figure 5. The Grobner fan from Example 15 . 141 and the two rad- 
ical equivalence classes. The fan is drawn in the standard simplex 
with (1,0,0) at the right bottom, (0,1,0) at the left bottom and 
(0,0,1) at the top. 

However, for toric ideals, all three equivalence relations of Definition 15.111 give 
rise to polyhedral fans. 

Proposition 5.15. (1) The radical equivalence relation of defines the sec- 
ondary fan of A. 

(2) The top equivalence relation of Ia defines the hypergeometric fan of A. 
Furthermore, the Grobner fan of 1^ is a refinement of the hypergeometric fan of 
A, which is a refinement of the secondary fan of A. 

Proposition 15.1 51 may be taken as the definition of the hypergeometric and sec- 
ondary fans of A. The proposition is a collection of several known results )16l 
Proposition 3.3.1 and Corollary 3.3.2], [S], and ^1 Chapter 8]. Wc now study the 
three equivalence classes for Ic^ ■ 

Theorem 5.16. The radical equivalence classes of Ic^ form a polyhedral fan that 
coincides with the secondary fan of . 

Proof: By Proposition 15. 151 to prove that the radical equivalence relation of /^^ 
defines the secondary fan of A it suffices to show that \/inj^(/^) = \/\t1uj{Ica) 
for any lo. Since /^^ C Ij^ one inclusion is clear. To prove the other inclusion 
wc first observe ■\/in„(/_4) is tj-homogeneous since va^{lA) is. Hence it suffices to 
show that any homogeneous element in yJ\iii^{IyC} is also in in^^ {Ica ) ■ Let / G 
y/^^kAjA) be w-homogeneous. Then there exists some m such that S Vl^u){Ia)- 
The polynomial /™ is also cj-homogeneous, so /™ = m^F) for some F ^ Ia- 
Since ^/Ic^ = Ia, F'' e Ic^ for some k, and in^(F'') = m^{F)'' = Hence, 

/ e V^MIca)- □ 

Now we consider the top equivalence relation of Ica ■ 

Lemma 5.17. [161 Lemma 3.2.4] Let M C k[x] be a monomial ideal such that the 
Krull dimension o/k[x]/M is d. Then 

top(M) = fl : ^ ^ ct) 

(x-,^) 

where the intersection is taken over all d-dimensional standard pairs of M . 
Lemma 5.18. For any generic uj G M", top{in^{lA)) ~ iop(m^{IcA))- 



24 



TRISTRAM BOGART, ANDERS N. JENSEN, AND REKHA R. THOMAS 



Proof: For a generic to, the initial ideals hii^{lA) aiid iTiuj{Ic^) are both d- 
dimensional monomial ideals, and by Lemma 15.171 their tops only depend on their 
rf-dimensional standard pairs. By Theorem 13. 191 these standard pairs are the same 



Lemma 15.181 proves the following. 

Proposition 5.19. The top equivalence relation defines the same maximal cells 
for both /_4 and Ic^ . These cells are precisely the open maximal cones in the 
hypergeometric fan of /_4 . 

In contrast to Theorem 15 . 1 61 and Proposition 15. 191 we have the following result 
for the initial ideal equivalence relation for and /c^ . 



Figure 6. The Grobner fans in the proof of Proposition l5.2Ul 
intersected with the simplex with coordinates (0,1,0,0) (right), 
(0,0,1,0) (left) and (0,0,0,1) (top). The circuit fan is to the left 
and the toric fan is in the middle. The hypergeometric fan is shown 
to the right. 

Proposition 5.20. In general, neither is the Grobner fan of /_4 a refinement of 
the Grobner fan of Ic^ , nor vice-versa. 

Proof: Let A = (7 9 13 15). It is easy to check that in(o,i6,27,i)(^c^) = 
in(o,20,25,3)(^c^) while in(o, 16,27, i) (-^^) ^ in(o,20,25,3) (^^)- Hence (0,16,27,1) and 
(0, 20, 25, 3) lie in the same maximal cell of the Grobner fan of Ic^ but in differ- 
ent maximal cells of the Grobner fan of This proves that the Grobner fan of 
IcJ^ does not refine the Grobner fan of On the other hand, in(-Q 4 9) (/_4) = 

in(o,4,i6,5)(^^) and in(o,4,i9,9)(/cA) ^ in(o,4,i6,5)(^CA)- Hence the Grobner fan of Ia 
does not refine the Grobner fan of /c^ . □ 

The example in Proposition 15.201 would be best illustrated by a picture of the 
three-dimensional standard simplex in K" intersected with the fans. Unfortunately 
we are limited to two dimensions in our drawing (Figure EJ. The hypergeometric 
fan of I A is drawn at the end of the two Grobner fans. 

Corollary 5.21. Ifn — d — 2 the Grobner fan of Ic^ is a refinement of the Grobner 
fan of Ia- 

Proof: Theorem 3.3.8 in says that if n — = 2 then the Grobner fan of 
I A equals the hypergeometric fan of A. The corollary then follows from Proposi- 
tion 15.191 and the fact that the Grobner fan of /c^ refines the hypergeometric fan 



for both initial ideals. 



□ 




of A. 



□ 
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